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I. Introduction

A VARIABLE structure control system (VSCS)1"3 is character-
ized by a control structure that is switched as the system state

crosses a certain discontinuity surface in the state space. The cen-
tral topic in VSCS is the so-called sliding mode. It is attained by
designing the control strategy, which steers the state of the system
into the sliding surface and thereafter maintains the motion of state
trajectory within this subspace, such that the stability of the system
is assured.

In the past few years, model-following control has become one of
the most efficient and systematic procedures for the control of the
linear time-invariant plant with unknown parameters or uncertainty.
In this method the control objectives are specified in terms of a
reference model and the design problem consists of determining the
control input so that error between the plant and model approaches
zero asymptotically.

The application of the VSCS theory to the model-following con-
trol systems was initiated by Young.4 The advantage of designing a
variable structure model-following control system is that the tran-
sient response of the model plant error, during sliding mode, can
be prescribed in advance and is insensitive to the variation of the
plant parameters and external disturbance. Thereafter, several ap-
proaches of the model-following control systems based on VSCS
were presented.5"9 However, in the previous approaches, the order
of the reference model had to be equal to the plant order. Therefore,
in the present work, an effective variable structure controller for
model-following systems is proposed to release this limitation.

by

II. System Description and Problem Statement
Consider a class of uncertain/nonlinear dynamic systems modeled

x(t) = [A + AA(x, OMO + Bu(t)

y(t) = Cx(t)

, x, u)
(1)

where x(t) e Rn, u(t) e Rm, andj(0 e Rp\ AA(*, t) represents
the uncertainty portion of the plant and/0, x, u) symbolizes the
disturbance to the plant and/or nonlinearities in the input. We give
the following assumptions.

Assumption 1. There exist matrix functions d(x, t),h(t,x, u) such
that AA(x, 0 = Bd(x, t) and/0, x, u) = Bh(t, x, u).

Assumption 2. There exist two known nonnegative scalars p\ and
p2 such that ||rf(r,OII < Pi and \\h(t,x,u)\\ < p2, where || - ||
denotes the induced norm.

Assumption 3. The pair (A, B) is controllable, and the state vector
x(t) is accessible.

The reference model is described by
xm(t) = Amxm(t) + Bmr(t)

ym(t) = cmxm(t) (2)

where xm(t) e Rk,r(t) e Rd,andym(t) e Rp. Note that the order of
the reference model k is allowed to be unequal to the plant order n.
Our goal is to design a VSCS such thaty(t) tracksym(t). To ensure
thatjm(r) can be tracked byy(t), further assumptions are given.
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Assumption 4. There exist matrices F e Rn x * and H e Rm x * such
that

FAm = BH, C — CFv-'m — ̂  r (3)

Assumption 5. There exists a matrix D e Rmxd such that FBm =
BD.

Now, define the error between the model state and the plant state
as

e(t) = x(t) - Fxm(t) (4)

Differentiating Eq. (4) with respect to time and using Eqs. (1-3),
we obtain

(5)

e(t) = Ae(t) + Bu(t) + AA(x, t)x(t) +/(* , jc, u)

-BHxm(t)-FBmr(t)

Remark 1. It can be seen that if e(t) = 0,thenj(0 = CFxm(t) —
Cmxm(t)=ym(t).

III. Variable Structure Controller Design
We begin our design by examining the dynamic behavior of

Eq. (5) in the sliding mode:

5(0 - Ge(t) = G[x(t) - Fxm(t)] = 0 (6)

If S(t) = 0, Vr > ts, then S(t) = Ge(t) = 0. Combining Eq. (6)
with Eq. (5), we obtain the equivalent control weq of Eq. (5) in the
sliding mode equation (6) as

Meq = -(GB)"l(GAe + Gf - GBHxm - GFBmr)
(7)

Inserting u&q into Eq. (5) and reshuffling terms yields

e = [I - B(GB)-lG](Ae + AAjc +/ - BHxm - FBmr) (8)

Because assumptions 1 and 5 hold, the preceding equation can be
reduced to1

e = [I — B(GB)~lG]Ae (9)

After designing the sliding surfaces, we have to design a switching
controller to establish the existence and reachability of a sliding
mode.

Theorem 1. The reaching condition STS < 0 of the sliding mode
is satisfied if the control of error dynamics equation (5) is given by

0(0 = Hxm + Kee + Kmr + Kh + Kp (10)

where Ke = -(GB)~1GA, Km=(GBYlGFBm, Kh=apl(GBrl

||GB||||jc||sgn(5),A:/?^p2(G5)-1||GB||sgn(5), a <-M< -1,
sgn(S) = sgn(£i)sgn(s2)"-sgn(,sm)]r, and sgnfe)^! if J/ > 0,
sgn(j/) = 0 if Si = 0, and sgnfo) = — 1 if 5/ < 0.

Proof. Combining Eq. (5) with Eq. (6), we obtain

STS = ST[(GA + GBKe)e + (GBKm - GFBm)r

+ (GBKh + GAAx) + (GBKP + Gf)}

= ST[(GBKh + GAAx) + (GBKP + Gf)}

From the definition of vector norms, we have 5rsgn(5) > ||5||. If
ot,r) < -l,thenSrS < 0. D

To implement the control, we need F and H. To solve it, we start
by assuming

rank
[ A B ]

C . ——
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This condition is satisfied if the nominal system is controllable and
the number of inputs is not less than the number of outputs. Rewrite
Eq. (3) as

where Vn^ ^12, V^i, and fe are of appropriate dimensions. An
equivalent form of Eq. (1 1) is

IV. Illustrative Example
Consider Advanced Fighter Technology Integration AFTI/F-16

aircraft flying at 3000 ft and Mach number 0.6 (Ref. 10). The system
is described by Eq. (1) with x = [x\ x2 ^3] and u = [u\ u2] in
which *i, jc2, and ;c3 are the pitch attitude, pitch rate, and angle
of attack, respectively; u\ and u2 are the elevator deflection and
flaperon deflection, respectively;

A =

H =

(12)

(13)
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Thus we can solve F from Eq. (12) and then solve H from Eq. (13).
The method for solving F is summarized in the following.10

Define Vec(M) with an r-column matrix M = [mi m2 • • - mr]
as

Vec(M) = [ml mT
2 - - . m^]T (14)

and define the Kronecker product <g> for two matrices P e Rmxn and

The uncertainty constraint set is given by R = (8: \\8\\\ <0.1,
\\82\\ < 5, ||«53|| < 0.1, ||£4|| < 0.15}. The signal to be tracked is the
output from the model given by

0 7T/10

-7T/10 0

Following the algorithm, we get

P®Q =

PnQ P\iQ
P2lQ P2lQ

PlnQ

P2nQ
(15)

_Pm\Q PmlQ - . . PmnQ_

Using Eqs. (14) and (15), Eq. (12) can be written in the vector form

(/n*xn* - AT
m 0 ̂ n)Vec(F) = Vec(Vri2Cm) (16)

Thus F and H can be solved from Eqs. (16) and (13). Once F and H
have been derived, the variable-structure-model-following control
can be designed according to Eq. (10).

Remark 2. If Eq. (16) has no solution for F, another Am for the
reference model should be chosen.

and

Let

F =

TT __

' 1 0
0 0.3142

0.0226 0.1514

["0.0598 0.3480]
[ 0.0284 0.1677J

G =
r io i oi
L O o i j

The uncertainty bound is || AA|| < p\ = 5.0033. Then, the variable
structure controller of Eq. (10) can be given by

Tine <sec . >

Fig. 1 Output responses of the system and model: l:y, system output and 2:ym, model output.
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Kp = 0, Ke =
0 0.1776 3.1337 1
0 3.8392 -7.4909 J :

-[ 8.0374 -50.7996
-5.4655 554.5829

In the simulations, we have a — —1.5, 8i(t) = 0.1 sin(0, 82(t) =
5cos(f), o3(t) = O.lsin(20, &*(0 = 0.15cos(2r), *(0) =
[0 0 0]r, and*m(0) = [1 0]r. The output of the system is shown
in Fig. 1. From simulation results, it can be seen that the proposed
variable structure controller effectively makes the system output
robustly track the reference model output.

V. Conclusions
A more general variable structure model-following design has

been proposed in this work. It has been shown that the proposed
method allows that the order of the reference model is not necessarily
equal to the plant order. Moreover, the proposed variable-structure-
model-following control retains the benefits of the sliding mode,
which provides, in addition to the asymptotic stability, insensitivity
to the parameter variations and disturbances to the error dynamics.
The effectiveness of the proposed control method is demonstrated
by a numerical example.
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